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Current Algebra . . . 1968

The correct understanding of pion observables;
e.g. mass, decay constant and form factors,
requires an approach to contain a well-defined and
valid chiral limit, and an accurate realisation of
dynamical chiral symmetry breaking.

Requires detailed understanding of Connection
between Current-quark and Constituent-quark
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NSAC – Understanding these phenomena is one of the

greatest intellectual challenges in physics
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Modern Physics & Mathematics

– Still quite some way from being able to do that
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Lattice-QCD simulations . . . opportunity for
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Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 10/46



First Contents Back Conclusion

Persistent Challenge

Infinitely Many Coupled Equations

Solutions are Schwinger Functions
(Euclidean Green Functions)

Coupling between equations necessitates truncation

Weak coupling expansion ⇒ Perturbation Theory

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 10/46



First Contents Back Conclusion

Persistent Challenge
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Weak coupling expansion ⇒ Perturbation Theory
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in which we’re interested
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symmetry-preserving truncation scheme

Has Enabled Proof of EXACT Results in QCD

And Formulation of Practical Phenomenological Tool to
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Reliable DSE studies of Dressed-gluon propagator:

R. Alkofer and L. von Smekal, The infrared behavior of QCD
Green’s functions . . . , Phys. Rept. 353, 281 (2001).

Dressed-gluon propagator – lattice-QCD simulations confirm that
behaviour:

D. B. Leinweber, J. I. Skullerud, A. G. Williams and C.
Parrinello [UKQCD Collaboration], Asymptotic scaling and
infrared behavior of the gluon propagator, Phys. Rev. D 60,
094507 (1999) [Erratum-ibid. D 61, 079901 (2000)].
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Dynamical chiral symmetry breaking and a critical mass

Lei Chang, Yu-Xin Liu, Mandar S. Bhagwat, Craig D. Roberts

and Stewart V. Wright . . . nucl-th/0605058

Phys. Rev. C 75 (2007) 015201 (8 pages)

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

Wigner solution and one DCSB solution are destabilised by

current-quark mass

& both disappear

when that mass

exceeds a critical

value, mcr

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

mcr also bounds domain on which surviving DCSB solution

possesses a chiral expansion: mcr = limn→∞

(

1
|an |

)1/n

0 0.1 0.2 0.3 0.4 0.5
t = 1/n

0

0.05

0.1

0.15

0.2

0.25

(1
/a

n
)t

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

mcr also bounds domain on which surviving DCSB solution

possesses a chiral expansion: mcr = limn→∞

(

1
|an |

)1/n

mcr is therefore an upper bound on the domain within which

a perturbative expansion in the current-quark mass around

the chiral limit is uniformly valid for physical quantities.

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

mcr also bounds domain on which surviving DCSB solution

possesses a chiral expansion: mcr = limn→∞

(

1
|an |

)1/n

mcr is therefore an upper bound on the domain within which

a perturbative expansion in the current-quark mass around

the chiral limit is uniformly valid for physical quantities.

For a pseudoscalar meson constituted of equal mass

current-quarks, it corresponds to a mass mcr
0− ∼ 0.45 GeV.

0.01 0.02 0.03
0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Critical Mass for
Chiral Expansion

Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

mcr also bounds domain on which surviving DCSB solution
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mcr is therefore an upper bound on the domain within which

a perturbative expansion in the current-quark mass around

the chiral limit is uniformly valid for physical quantities.

For a pseudoscalar meson constituted of equal mass

current-quarks, it corresponds to a mass mcr
0− ∼ 0.45 GeV.

Entails lattice-QCD simulations must have many results at

mπ < mcr
0− ∼ 0.45 GeV for reliable extrapolation via EFT.
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Realistic models of QCD’s gap equation simultaneously

admit two inequivalent DCSB solutions & solution connected

with realisation of chiral symmetry in Wigner mode.

The two DCSB solutions of the gap equation enable a valid

definition of 〈q̄q〉 in the presence of a nonzero current-mass.

The behaviour of this condensate indicates that the

essentially dynamical

component of

chiral symmetry

breaking decreases

with increasing

current-quark mass.
0.01 0.02 0.03

0.24

0.26

0.28

(
m
(

)
)

1/
3  [G

eV
]

 

 

 

m( ) [GeV]
Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 17/46



First Contents Back Conclusion

Consituent-quark σ-term

Impact of Dynamical chiral symmetry breaking . . . exhibited

via constituent-quark σ-term

σf := mf (ζ)
∂ME

f

∂mf (ζ)
, (ME)2 := s | s = M(s)2 .

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 18/46



First Contents Back Conclusion

Consituent-quark σ-term

Impact of Dynamical chiral symmetry breaking . . . exhibited

via constituent-quark σ-term

σf := mf (ζ)
∂ME

f

∂mf (ζ)
, (ME)2 := s | s = M(s)2 .

Renormalisation-group-invariant and determined from

solutions of the gap equation

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 18/46



First Contents Back Conclusion

Consituent-quark σ-term

Impact of Dynamical chiral symmetry breaking . . . exhibited

via constituent-quark σ-term

σf := mf (ζ)
∂ME

f

∂mf (ζ)
, (ME)2 := s | s = M(s)2 .

Unambiguous probe of impact of explicit chiral symmetry

breaking on the mass function

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 18/46



First Contents Back Conclusion

Consituent-quark σ-term

Impact of Dynamical chiral symmetry breaking . . . exhibited

via constituent-quark σ-term

σf := mf (ζ)
∂ME

f

∂mf (ζ)
, (ME)2 := s | s = M(s)2 .

Ratio
σf

ME
f

=
EXPLICIT

EXPLICIT + DYNAMICAL

measures effect of EXPLICIT chiral symmetry breaking on

dressed-quark mass-function

cf. SUM of effects of EXPLICIT AND DYNAMICAL CHIRAL

SYMMETRY BREAKING
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magnitude of their
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vanishes with increasing

current-quark mass
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Schwinger functions
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Bethe-Salpeter Kernel

Axial-vector Ward-Takahashi identity

Pµ Γl
5µ(k;P ) = S−1(k+)
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2
λl
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Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
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⇒ fπ1
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CLEO: τ → π(1300) + ντ

⇒ fπ1
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Diehl & Hiller
he-ph/0105194

Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
two-flavour, unquenched

⇒ fπ1

fπ

= 0.078 (93)

Full ALPHA formulation is required to see suppression, because
PCAC relation is at the heart of the conditions imposed for
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Diehl & Hiller
he-ph/0105194

Lattice-QCD check:
163 × 32,
a ∼ 0.1 fm,
two-flavour, unquenched

⇒ fπ1

fπ

= 0.078 (93)

The suppression of fπ1
is a useful benchmark that can be used to

tune and validate lattice QCD techniques that try to determine the
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The Pion

Consituent-Q Model: 1st three members of
n 1S0 trajectory; i.e., ground state plus radial excitations?

But π(1800) is narrow (Γ = 207 ± 13) & decay pattern might
indicate some “flux tube angular momentum” content:
SQ̄Q = 1 ⊕ LF = 1 ⇒ J = 0

& LF = 1 ⇒ 3S1 ⊕ 3S1 (Q̄Q) decays suppressed?
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Spectrum contains 3 pseudoscalars [IG(JP )L = 1−(0−)S]

masses below 2 GeV: π(140) ; π(1300); and π(1800)

The Pion

Consituent-Q Model: 1st three members of
n 1S0 trajectory; i.e., ground state plus radial excitations?

But π(1800) is narrow (Γ = 207 ± 13) & decay pattern might
indicate some “flux tube angular momentum” content:

Radial excitations & Hybrids & Exotics ⇒ Long-range radial wave
functions ⇒ sensitive to confinement

NSAC Long-Range Plan, 2002: . . . an understanding of
confinement “remains one of the

greatest intellectual challenges in physics”
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Pion . . . J = 0

but . . .
Orbital angular momentum is not a Poincaré invariant.

However, if absent in a particular frame, it will appear in

another frame related via a Poincaré transformation.
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but . . .
Nonzero quark orbital angular momentum is thus a

necessary outcome of a Poincaré covariant description.
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J = 0 . . . but while E and F are purely L = 0 in the rest

frame, the G and H terms are associated with L = 1. Thus a

pseudoscalar meson Bethe-Salpeter wave function always

contains both S- and P -wave components.
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contains both S- and P -wave components.
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angle θπ such that

χπ ∼ cos θπ|L = 0〉
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L is significant in

the neighbourhood

of the chiral limit,

and decreases with

increasing

current-quark mass.
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Isospin (SU(2)-flavour) breaking is determined by the

current-mass difference mu − md, while SU(3)-flavour

breaking can be measured via ms − (mu + md)/2.
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current-mass difference mu − md, while SU(3)-flavour

breaking can be measured via ms − (mu + md)/2.

Determine effect of these differences in current-quark mass

throughout the hadron spectrum, which leads one to

consider the difference in mass between charged and

neutral hadrons.
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Isospin (SU(2)-flavour) breaking is determined by the

current-mass difference mu − md, while SU(3)-flavour

breaking can be measured via ms − (mu + md)/2.

Determine effect of these differences in current-quark mass

throughout the hadron spectrum, which leads one to

consider the difference in mass between charged and

neutral hadrons.

Part of that splitting is electromagnetic, but constraining the

strong component is necessary before one can know just

how large that electromagnetic contribution might be.
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Charge Neutral
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Isospin (SU(2)-flavour) breaking is determined by the

current-mass difference mu − md, while SU(3)-flavour

breaking can be measured via ms − (mu + md)/2.

Determine effect of these differences in current-quark mass

throughout the hadron spectrum, which leads one to

consider the difference in mass between charged and

neutral hadrons.

In considering neutral pseudoscalars, the U(Nf )

axial-vector Ward-Takahashi identity becomes relevant.

It necessarily includes a contribution from the

non-Abelian anomaly.

A discussion of η–η′ splitting is therefore unavoidable.
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−2iMabΓb
5(k;P ) −Aa(k;P )

{Fa| a = 0, . . . , N2
f − 1} are the generators of U(Nf )

S = diag[Su, Sd, Ss, Sc, Sb, . . .]
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5µ(k;P ) = S−1(k+)iγ5F

a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

{Fa| a = 0, . . . , N2
f − 1} are the generators of U(Nf )

S = diag[Su, Sd, Ss, Sc, Sb, . . .]

Mab = trF

[

{Fa,M}F b
]

,

M = diag[mu,md,ms,mc,mb, . . .] = matrix of current-quark

bare masses
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PµΓa
5µ(k;P ) = S−1(k+)iγ5F

a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

{Fa| a = 0, . . . , N2
f − 1} are the generators of U(Nf )

S = diag[Su, Sd, Ss, Sc, Sb, . . .]

Mab = trF

[

{Fa,M}F b
]

,

M = diag[mu,md,ms,mc,mb, . . .] = matrix of current-quark

bare masses

The final term in the last line expresses the non-Abelian

axial anomaly.
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PµΓa
5µ(k;P ) = S−1(k+)iγ5F

a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

Aa(k;P ) = S−1(k+) δa0 AU (k;P )S−1(k−)

AU (k;P ) =

∫

d4xd4y ei(k+·x−k−·y)Nf

〈

F0q(x)Q(0) q̄(y)
〉
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PµΓa
5µ(k;P ) = S−1(k+)iγ5F

a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

Aa(k;P ) = S−1(k+) δa0 AU (k;P )S−1(k−)

AU (k;P ) =

∫

d4xd4y ei(k+·x−k−·y)Nf

〈

F0q(x)Q(0) q̄(y)
〉

Q(x) = i
αs

4π
trC [ǫµνρσFµνFρσ(x)] = ∂µKµ(x)

. . . The topological charge density operator.

(Trace is over colour indices & Fµν = 1
2λaF a

µν .)
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a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

Aa(k;P ) = S−1(k+) δa0 AU (k;P )S−1(k−)

AU (k;P ) =

∫

d4xd4y ei(k+·x−k−·y)Nf

〈

F0q(x)Q(0) q̄(y)
〉

Q(x) = i
αs

4π
trC [ǫµνρσFµνFρσ(x)] = ∂µKµ(x)

. . . The topological charge density operator.

Important that only Aa=0 is nonzero.
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PµΓa
5µ(k;P ) = S−1(k+)iγ5F

a + iγ5F
aS−1(k−)

−2iMabΓb
5(k;P ) −Aa(k;P )

Aa(k;P ) = S−1(k+) δa0 AU (k;P )S−1(k−)

AU (k;P ) =

∫

d4xd4y ei(k+·x−k−·y)Nf

〈

F0q(x)Q(0) q̄(y)
〉

Q(x) = i
αs

4π
trC [ǫµνρσFµνFρσ(x)] = ∂µKµ(x)

. . . The topological charge density operator.

Important that only Aa=0 is nonzero.

NB. While Q(x) is gauge invariant, the associated

Chern-Simons current, Kµ, is not.

Means that no physical boson can couple to Kµ.
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Many new results

Here, focus on Nf = 3

Will only describe those results which are exact in QCD

Omit numerous illustrations and calculations
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Charge Neutral
Pseudoscalar Mesons

Consider A0 6≡ 0

. . . otherwise all pseudoscalar mesons are Goldstone

Modes!
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Consider A0 6≡ 0

Allow that Γ0
5µ might possess a longitudinal massless

bound-state pole:

Γ0
5µ(k;P )

∣

∣

P 2≈0
= r0

A

Pµ

P 2
ΓBS(k;P )

+ F0γ5

[

γµF 0
R(k;P ) + γ · kk · PG0

R(k;P ) + σµνkµPνH
0
R(k;P ) + Γ̃0

5µ(k;P )
]
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Consider A0 6≡ 0

Allow that Γ0
5µ might possess a longitudinal massless

bound-state pole:

Γ0
5µ(k;P )

∣

∣

P 2≈0
= r0

A

Pµ

P 2
ΓBS(k;P )

+ F0γ5

[

γµF 0
R(k;P ) + γ · kk · PG0

R(k;P ) + σµνkµPνH
0
R(k;P ) + Γ̃0

5µ(k;P )
]

F 0
R, G0

R, H0
R, Γ0

5µ(k;P ) are regular as P 2 → 0

PµΓ̃0
5µ ∼O(P 2)

ΓBS(k;P ) is the possible bound-state’s Bethe-Salpeter

amplitude & r0
A is its residue
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Allow that Γ0
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bound-state pole:

Γ0
5µ(k;P )

∣

∣

P 2≈0
= r0

A

Pµ

P 2
ΓBS(k;P )

+ F0γ5

[

γµF 0
R(k;P ) + γ · kk · PG0

R(k;P ) + σµνkµPνH
0
R(k;P ) + Γ̃0

5µ(k;P )
]

Bethe-Salpeter amplitude
ΓBS(k;P ) = 2F0γ5 [iEBS(k;P ) + γ · PFBS(k;P )

+γ · kk · PGBS(k;P ) + σµνkµPνHBS(k;P )] .

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 30/46



First Contents Back Conclusion

Charge Neutral
Pseudoscalar Mesons

Consider A0 6≡ 0

Allow that Γ0
5µ might possess a longitudinal massless

bound-state pole:

Γ0
5µ(k;P )

∣

∣

P 2≈0
= r0

A

Pµ

P 2
ΓBS(k;P )

+ F0γ5

[

γµF 0
R(k;P ) + γ · kk · PG0

R(k;P ) + σµνkµPνH
0
R(k;P ) + Γ̃0

5µ(k;P )
]

Bethe-Salpeter amplitude
ΓBS(k;P ) = 2F0γ5 [iEBS(k;P ) + γ · PFBS(k;P )

+γ · kk · PGBS(k;P ) + σµνkµPνHBS(k;P )] .

Structure of anomaly contribution is similar
A0(k;P ) = F0γ5 [iEA(k;P ) + γ · PFA(k;P )

+γ · kk · PGA(k;P ) + σµνkµPνHA(k;P )]
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Consider A0 6≡ 0

Leads to generalised Goldberger-Treiman relations

2r0
AEBS(k; 0) = 2B0(k

2) − EA(k; 0),

F 0
R(k; 0) + 2r0

AFBS(k; 0) = A0(k
2) − FA(k; 0),

G0
R(k; 0) + 2r0

AGBS(k; 0) = 2A′
0(k

2) − GA(k; 0),

H0
R(k; 0) + 2r0

AHBS(k; 0) = −HA(k; 0),

A0, B0 characterise gap equation’s chiral limit solution.
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Consider A0 6≡ 0

Leads to generalised Goldberger-Treiman relations

2r0
AEBS(k; 0) = 2B0(k

2) − EA(k; 0),

F 0
R(k; 0) + 2r0

AFBS(k; 0) = A0(k
2) − FA(k; 0),

G0
R(k; 0) + 2r0

AGBS(k; 0) = 2A′
0(k

2) − GA(k; 0),

H0
R(k; 0) + 2r0

AHBS(k; 0) = −HA(k; 0),

A0, B0 characterise gap equation’s chiral limit solution.

Follows that EA(k; 0) = 2B0(k
2) is necessary and

sufficient condition for absence of massless bound-state

pole in Γ0
5µ.
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Consider A0 6≡ 0

EA(k; 0) = 2B0(k
2)

Discussing the chiral limit

B0(k
2) 6= 0 if, and only if, chiral symmetry is dynamically

broken.

Hence, absence of massless η′ bound-state is only

assured through existence of intimate connection

between DCSB and an expectation value of the

topological charge density.
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Consider A0 6≡ 0

EA(k; 0) = 2B0(k
2)

Discussing the chiral limit

B0(k
2) 6= 0 if, and only if, chiral symmetry is dynamically

broken.

Hence, absence of massless η′ bound-state is only

assured through existence of intimate connection

between DCSB and an expectation value of the

topological charge density.

Further highlighted . . . we also proved
〈q̄q〉0ζ = − lim

Λ→∞
Z4(ζ

2,Λ2) trCD

∫ Λ

q
S0(q, ζ)

= Nf

∫

d4x 〈q̄(x)iγ5q(x)Q(0)〉0,
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

Contribution from the meson’s anomaly residue:

nπi
=

√

Nf

2
νπi

, νπi
= 〈0|Q|πi〉

Connects bound-state to vacuum via topological charge

operator
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

e.g., Nf = 3,

m2
η′













f3
η′

f8
η′

f0
η′













=











0

0

nη′











+

[

M3×3

]













ρ3
η′

ρ8
η′

ρ0
η′













.
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

e.g., Nf = 3,

m2
η′













f3
η′

f8
η′

f0
η′













=











0

0

nη′











+

[

M3×3

]













ρ3
η′

ρ8
η′

ρ0
η′













.

Mass matrix
[

M3×3

]

=











m110

√

1
3 m1−10

√

2
3 m1−10

√

1
3 m1−10

1
3 m114

√

2
9 m11−2

√

2
3 m1−10

√

2
9 m11−2

2
3 m111











,

mαβγ = αmu + β md + γ ms;

e.g., m110 = mu + md
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m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

e.g., Nf = 3,

m2
η′













f3
η′

f8
η′

f0
η′













=











0

0

nη′











+

[

M3×3

]













ρ3
η′

ρ8
η′

ρ0
η′













.

residue projections

fa
πi

Pµ = Z2 tr

∫ Λ

q
Faγ5γµ χπi

(q;P ) ,

iρa
πi
(ζ) = Z4 tr

∫ Λ

q
Faγ5 χπi

(q;P ) ,

χπi
(k;P ) = S(k+)Γπi

(k;P )S(k−),
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

e.g., Nf = 3,

m2
η′













f3
η′

f8
η′

f0
η′













=











0

0

nη′











+

[

M3×3

]













ρ3
η′

ρ8
η′

ρ0
η′













.

U(Nf ) limit: all current-quark masses = m(ζ)
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

e.g., Nf = 3,

m2
η′













f3
η′

f8
η′

f0
η′













=











0

0

nη′











+

[

M3×3

]













ρ3
η′

ρ8
η′

ρ0
η′













.

U(Nf ) limit: all current-quark masses = m(ζ)

Complete content of above equation is statement

m2
η′f

0
η′ = nη′ + 2m(ζ)ρ0

η′(ζ)
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

U(Nf ) limit: all current-quark masses = m(ζ)

Complete content of above equation is statement

m2
η′f

0
η′ = nη′ + 2m(ζ)ρ0

η′(ζ)

It is argued that in QCD nη′ ∼ 1
√

Nc

And it can be shown that f0
η′ ∼

√

Nc ∼ ρ0
η′(ζ)
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

U(Nf ) limit: all current-quark masses = m(ζ)

Complete content of above equation is statement

m2
η′f

0
η′ = nη′ + 2m(ζ)ρ0

η′(ζ)

One thus obtains m2
η′ =

nη′

f0
η′

+ 2m(ζ)
ρ0

η′(ζ)

f0
η′
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Mass Formulae for neutral pseudoscalar mesons

m2
πi

fa
πi

= 2 Mabρb
πi

+ δa0nπi

U(Nf ) limit: all current-quark masses = m(ζ)

Complete content of above equation is statement

m2
η′f

0
η′ = nη′ + 2m(ζ)ρ0

η′(ζ)

One thus obtains m2
η′ =

nη′

f0
η′

+ 2m(ζ)
ρ0

η′(ζ)

f0
η′

First term vanishes as Nc → ∞ but second remains finite

Subsequently taking m̂ → 0, η′ mass approaches zero in

the manner characteristic of all Goldstone modes.

NB. One must take Nc → ∞ before m̂ → 0 because procedures do not commute
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Implications of mass formulae illustrated using elementary
dynamical model, which includes Ansatz for that part of the
Bethe-Salpeter kernel related to the non-Abelian anomaly

The model involves two parameters, one of which is a mass-scale.

Employed in an analysis of pseudoscalar- and vector-meson
bound-states
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Pseudoscalar Mesons

Flavour symmetry breaking and meson masses

Mandar S. Bhagwat, Lei Chang, Yu-Xin Liu, Craig D. Roberts

and Peter C. Tandy . . . nucl-th/arXiv:0708.1118

Implications of mass formulae illustrated using elementary
dynamical model, which includes Ansatz for that part of the
Bethe-Salpeter kernel related to the non-Abelian anomaly

The model involves two parameters, one of which is a mass-scale.

Despite its simplicity, model is elucidative and phenomenologically
efficacious; e.g., it predicts

η–η′ mixing angles of ∼ −15◦ (Expt.: −13.3◦ ± 1.0◦)

π0–η angles of ∼ 1.2◦ (Expt. p d → 3He π0: 0.6◦ ± 0.3◦)

Strong neutron-proton mass difference of 5.3 MeV
(Lattice-QCD: 2.26 ± 0.72)

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 32/46



First Contents Back Conclusion

New Challenges

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 33/46



First Contents Back Conclusion

New Challenges

Next Steps . . . Applications to excited states and

axial-vector mesons, e.g., will improve understanding of

confinement interaction between light-quarks.

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 33/46



First Contents Back Conclusion

New Challenges

Next Steps . . . Applications to excited states and
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confinement interaction between light-quarks.

Move on to the problem of a symmetry preserving treatment

of hybrids and exotics.
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New Challenges

Another Direction . . . Also want/need information about

three-quark systems

With this problem . . . current expertise at approximately

same point as studies of mesons in 1995.

Namely . . . Model-building and Phenomenology,

constrained by the DSE results outlined already.
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Höll, Kloker, et al. : nu-th/0412046 & nu-th/0501033

• Interpreting expts. with GeV electromagnetic probes

requires Poincaré covariant treatment of baryons

⇒ Covariant dressed-quark Faddeev Equation

• Excellent mass spectrum (octet and decuplet)

Easily obtained:
(

1

NH

∑

H

[M exp
H − M calc

H ]2

[M exp
H ]2

)1/2

= 2%
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• Interpreting expts. with GeV electromagnetic probes

requires Poincaré covariant treatment of baryons

⇒ Covariant dressed-quark Faddeev Equation

• Excellent mass spectrum (octet and decuplet)

Easily obtained:
(

1

NH

∑

H

[M exp
H − M calc

H ]2

[M exp
H ]2

)1/2

= 2%

(Oettel, Hellstern, Alkofer, Reinhardt: nucl-th/9805054)
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Easily obtained:
(
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NH

∑
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[M exp
H − M calc

H ]2
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H ]2

)1/2
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• But is that good?

• Cloudy Bag: δM
π−loop
+ = −300 to −400 MeV!
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Nucleon EM Form Factors: A Précis
Höll, Kloker, et al. : nu-th/0412046 & nu-th/0501033

• Interpreting expts. with GeV electromagnetic probes

requires Poincaré covariant treatment of baryons

⇒ Covariant dressed-quark Faddeev Equation

• Excellent mass spectrum (octet and decuplet)

Easily obtained:
(

1

NH

∑

H

[M exp
H − M calc

H ]2

[M exp
H ]2

)1/2

= 2%

• But is that good?

• Cloudy Bag: δM
π−loop
+ = −300 to −400 MeV!

• Critical to anticipate pion cloud effects

Roberts, Tandy, Thomas, et al., nu-th/02010084

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 34/46

http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=FIND+key+6076386
http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=FIND+key+6099696
http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=FIND+key+4856740


First Contents Back Conclusion

Faddeev equation

Dyson Schwinger Equations – Achievements and Challenges

Peking University, Beijing, China, 13-17 August, 2007
– p. 35/46



First Contents Back Conclusion

Faddeev equation

=
aΨ

P

p
q

p
d Γb

Γ−a

p
d

p
q

bΨ
P

q
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Faddeev equation

=
aΨ

P

p
q

p
d Γb

Γ−a

p
d

p
q

bΨ
P

q

Linear, Homogeneous Matrix equation

Yields wave function (Poincaré Covariant Faddeev

Amplitude) that describes quark-diquark relative motion

within the nucleon

Scalar and Axial-Vector Diquarks . . . In Nucleon’s Rest

Frame Amplitude has . . . s−, p− & d−wave correlations
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Diquark correlations

QUARK-QUARK

Same interaction that

describes mesons also

generates three coloured

quark-quark correlations:

blue–red, blue–green,

green–red

Confined . . . Does not

escape from within baryon.

Scalar is isosinglet,

Axial-vector is isotriplet

DSE and lattice-QCD

m[ud]
0+

= 0.74 − 0.82

m(uu)
1+

= m(ud)
1+

= m(dd)
1+

= 0.95 − 1.02
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Quark Core

Responsible for only 2/3 of
result at small Q2

Dominant for Q2 >2 – 3 GeV2
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Results: Nucleon
and ∆ Masses

Mass-scale parameters (in GeV)

for the scalar and axial-vector

diquark correlations, fixed by

fitting nucleon and ∆ masses

Set A – fit to the actual masses was required; whereas for

Set B – fitted mass was offset to allow for “π-cloud” contributions

set MN M∆ m0+ m1+ ω0+ ω1+

A 0.94 1.23 0.63 0.84 0.44=1/(0.45 fm) 0.59=1/(0.33 fm)

B 1.18 1.33 0.79 0.89 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)

m1+ → ∞: MA
N = 1.15 GeV; MB

N = 1.46 GeV
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Mass-scale parameters (in GeV)

for the scalar and axial-vector

diquark correlations, fixed by

fitting nucleon and ∆ masses

Set A – fit to the actual masses was required; whereas for

Set B – fitted mass was offset to allow for “π-cloud” contributions

set MN M∆ m0+ m1+ ω0+ ω1+

A 0.94 1.23 0.63 0.84 0.44=1/(0.45 fm) 0.59=1/(0.33 fm)

B 1.18 1.33 0.79 0.89 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)

m1+ → ∞: MA
N = 1.15 GeV; MB

N = 1.46 GeV

Axial-vector diquark provides significant attraction
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Results: Nucleon
and ∆ Masses

Mass-scale parameters (in GeV)

for the scalar and axial-vector

diquark correlations, fixed by

fitting nucleon and ∆ masses

Set A – fit to the actual masses was required; whereas for

Set B – fitted mass was offset to allow for “π-cloud” contributions

set MN M∆ m0+ m1+ ω0+ ω1+

A 0.94 1.23 0.63 0.84 0.44=1/(0.45 fm) 0.59=1/(0.33 fm)

B 1.18 1.33 0.79 0.89 0.56=1/(0.35 fm) 0.63=1/(0.31 fm)

m1+ → ∞: MA
N = 1.15 GeV; MB

N = 1.46 GeV

Constructive Interference: 1++-diquark + ∂µπ
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Angular Momentum
Rest Frame

M. Oettel, et al.
nucl-th/9805054
Crude estimate based on

magnitudes ⇒ probability for a

u-quark to carry the proton’s

spin is Pu↑ ∼ 80 %, with

Pu↓ ∼ 5 %, Pd↑ ∼ 5 %,

Pd↓ ∼ 10 %.

Hence, by this reckoning ∼ 30%

of proton’s rest-frame spin is

located in dressed-quark

angular momentum.
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constructed systematically . . . current conserved automatically

for on-shell nucleons described by Faddeev Amplitude
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Nucleon-Photon Vertex

M. Oettel, M. Pichowsky
and L. von Smekal, nu-th/9909082

6 terms . . .
constructed systematically . . . current conserved automatically

for on-shell nucleons described by Faddeev Amplitude
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